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The mechanical behavior of uniaxially ﬁber-reinforced composites with a ductile rubber-toughened
epoxy matrix was studied through the ﬁnite element analysis of a RVE of the composite microstructure.
The ﬁbers were represented by elastic and isotropic solids, while the rubber-modiﬁed epoxy matrix
behaved as a elasto-viscoplastic solid. The matrix ﬂow stress followed the model developed by Jeong
[Jeong, H.-Y., 2002. A new yield function and a hydrostatic stress-controlled void nucleation model for
porous solids with pressure-sensitive matrices. International Journal of Solids and Structures 39, 1385–
1403.], which included the inherent pressure-sensitivity of the yield stress in the epoxy matrix, the dam-
age due to the cavitation of the rubber particles and subsequent void growth, and the particular features
of elastic–viscoplastic behavior in glassy polymers, particularly the intrinsic softening upon yield fol-
lowed by hardening. Composites with either perfect or weak ﬁber/matrix interfaces (the latter introduced
through cohesive elements) were studied to assess the inﬂuence of interface strength on the composite
behavior. Simulations under transverse tension and out-of-plane shear were carried out to establish the
effect of loading conditions on the dominant deformation and failure micromechanisms. In addition, the
corresponding failure locus was obtained and compared with the predictions of current phenomenolog-
ical failure criteria for composites. The range of validity of these criteria and the areas for further
improvement were established by comparison with the numerical results.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The use of ﬁber-reinforced polymers (FRP) in structural applica-
tions has increased rapidly during the last thirty years as a result of
their outstanding speciﬁc stiffness and strength, and of the matu-
ration of the processing and quality control techniques. In addition,
design engineers have developed new design strategies to cope
with the anisotropic nature of these materials and the presence
of multiple failure modes depending on the loading direction and
stress-state. Basically, composite laminates present at least ﬁve
different failure modes depending on the loading mode (Hinton
et al., 2004): tensile deformation along the ﬁbers leads to ﬁber frac-
ture while compression in the same direction induces failure by
localized ﬁber buckling. Tensile deformation perpendicular to the
ﬁbers results in either matrix cracking or ﬁber/matrix decohesion
while transverse compression or shear deformation triggers frac-
ture by the formation of matrix shear bands. Finally, delamination
between plies is often another critical damage which has to be ta-
ken into account to predict the laminate behavior accurately. The
strength of a composite laminate is assessed nowadays throughll rights reserved.
+34 1 543 78 45.the application of physically-based phenomenological failure crite-
ria (Hashin, 1980; Matzenmiller et al., 1995; Puck and Schürmann,
2002; Dávila et al., 2005). These criteria establish a failure locus in
the stress space, which is formed by the intersection of various
smooth surfaces, each one representing the critical condition for
a given fracture mode.
From the view point of mechanical performance, one of the
main limitations of FRP is the brittle nature of epoxy thermosets
used as matrices, which makes the material prone to failure by
interply delamination, limits the impact resistance, and leads to a
brittle behavior when lamina are subjected to transverse tensile
stresses. This has led to the modiﬁcation of epoxy matrices to in-
crease their toughness by adding second-phase polymeric parti-
cles, such as rubbers or thermoplastics (Yee et al., 2000),
nanoparticles and nanotubes (Fiedler et al., 2006; Balazs et al.,
2006; Subramaniyan and Sun, 2007). Improvements in toughness
of more than one order of magnitude were reported by the disper-
sion of elastomeric particles in epoxy matrices, and the main
toughening mechanismwas the shear yielding of the matrix, which
was enhanced by the cavitation of the elastomeric particles (Yee
et al., 2000). The use of these modiﬁed thermosets as matrices in
FRP led to noticeable improvements in impact resistance (Day
et al., 2001; Tjong et al., 2003; Kim et al., 1993) as well as in inter-
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tors in many structural applications involving dynamic and/or cyc-
lic loading.
Epoxy matrices are known to deform plastically in compression
and their behavior can be captured by yield criteria which take into
account the inﬂuence of hydrostatic stresses on the ﬂow stress,
such as Mohr–Coulomb or Drucker–Prager. They are, however,
brittle in tension and current failure criteria for FRP assume that
the fracture plane is perpendicular to the tensile stresses (Puck
and Schürmann, 2002) or use linear elastic fracture mechanics
(Dávila et al., 2005) to compute the strength of a lamina subjected
to tensile stresses in the transverse direction. These criteria agree
well with experimental results in composites in which the matrix
is a brittle epoxy (Hinton et al., 2004) but it is not clear whether
they will provide a good approximation if the matrix is a rubber-
toughened epoxy, which shows extensive plastic deformation prior
to fracture, and this is the main objective of this investigation.
Obviously, failure criteria are normally validated by comparison
with experimental results. Nevertheless, recent developments in
computational micromechanics have demonstrated that the
mechanical behavior of a composite lamina until fracture can be
obtained from the numerical simulation of a representative vol-
ume element (RVE) of the composite microstructure, which explic-
itly takes into account the spatial distribution of the ﬁbers, matrix
and interfaces (Cox and Yang, 2006; LLorca and Segurado, 2004;
Segurado and LLorca, 2006). This strategy has been validated
experimentally to determine the fracture behavior perpendicular
to the ﬁbers of Ti/SiC composite panels at ambient and elevated
temperature (González and LLorca, 2006, 2007b) and the failure
of FRP under transverse compression (González and LLorca,
2007a) or transverse compression and shear (Totry et al., 2008).
In this paper, the failure surface of a uniaxially ﬁber-reinforced
composite with a rubber-modiﬁed epoxy as matrix is computed
under transverse tension and out-of-plane shear, a biaxial stress
state whose experimental reproduction is highly complex. The
simulation results are compared with the predictions of the stan-
dard failure criteria for FRP to assess their validity.1 Throughout this section, stresses denoted by lower r refer to the neat epoxy
matrix while those expressed with capital R refer to the rubber-modiﬁed epoxy.2. Material models
A critical issue in computational micromechanics is to take into
account the actual deformation and failure micromechanisms of
each phase in the simulations and this is carried out normally
through the implementation of the appropriate constitutive equa-
tions. In the particular case of FRP with a rubber-modifed epoxy
matrix, failure in the transverse direction is controlled by the shear
yielding of the matrix and by the progressive decohesion of the ﬁ-
ber/matrix interfaces (Day et al., 2001; Tjong et al., 2003), and both
processes have to be included in the numerical analyses to provide
realistic results. The ﬁrst one was introduced through a macro-
scopic yield function for porous solids with pressure-sensitive
matrices developed by Jeong (2002) while interface fracture was
included by means of a cohesive crack model associated to inter-
face elements at the ﬁber/matrix boundary. The numerical imple-
mentation of both models within the framework of the ﬁnite
element method is detailed below.
2.1. Matrix
It is nowadays well established experimentally (Bucknall, 2000;
Yee et al., 2000) that rubber particles cavitate during tensile defor-
mation of rubber-modiﬁed epoxy materials. The relief of hydro-
static stresses upon cavitation leads to the shear yielding of the
matrix around the cavitated particles which in turn promotes the
growth of voids and the formation of discrete shear bands betweencavitated particles. From a continuum mechanics perspective, the
mechanical behavior of these materials has been modeled using
the formalism of plasticity; different yield functions have been pro-
posed to take into account the inherent pressure-sensitivity of the
yield stress in the epoxy matrix, the inﬂuence of voids due to the
cavitation of the rubber particles and the particular features of
elastic–viscoplastic behavior in glassy polymers, particularly the
intrinsic softening upon yield followed by hardening (Lazzeri and
Bucknall, 1993; Jeong and Pan, 1995; Steenbrink et al., 1997;
Steenbrink and van der Giessen, 1999). Among them, Jeong
(2002) recently proposed a phenomenological yield function de-
ﬁned for positive and negative hydrostatic stresses which can be
applied to model the behavior of porous solids with pressure-sen-
sitive matrices. This yield function was successfully validated
against experimental results of rubber-toughened epoxy in Jeong
(2002) and it has been used here to reproduce the matrix behavior
in the FRP.
The effect of the hydrostatic stress on the yield stress of glassy
polymers can be taken into account through Drucker–Prager’s
yield function, originally developed for soils, and which is ex-
pressed as (Drucker and Prager, 1952)
/DPðr;r0;aÞ ¼ re þ arm  r0 ð1Þ
where /DP is the yield function, r the stress tensor, a the pressure
sensitivity parameter, re the Von Mises effective stress, rm the
hydrostatic stress component and r0 the yield stress of the material
under pure shear.1 Note that r0 is the sum of the tensile yield stress
plus a times one third of it. Experimental results in polymers have
shown that a is in the range 0.10–0.30 for glassy polymers (Quinson
et al., 1997), and a ¼ 0:225 was used in this investigation to repre-
sent the matrix pressure sensitivity because it was used in Jeong
(2002) based on experimental results of Pearson and Yee (1991)
and Yee et al. (2000).
The peculiar characteristics of the plastic deformation of glassy
polymers (initial softening followed by hardening) can be captured
by a simple phenomenological function, which controls the evolu-
tion of the ﬂow stress with the effective plastic strain pe according
to (Jeong, 2002)
r0 ¼ 1þ a3
h i
ry
pe
y
þ 1
 N
þ C1 
p
e
y
 N1
log C2
pe
y
 " #
ð2Þ
where N, N1, C1 and C2 are material parameters which dictate the
hardening and softening response upon deformation, ry the initial
tensile yield stress, y ¼ ry=E, and E the elastic modulus.
The inﬂuence of porosity in the yield surface of a pressure-
insensitive matrix can be assessed by means of the Gurson model
(Gurson, 1977), which provided an upper limit for the ﬂow stress
of a porous solid containing a periodic array of voids. The yield sur-
face proposed by Gurson was modiﬁed afterwards by Tvergaard
(1981),Tvergaard (1982) to bring the predictions of the model into
better agreement with full numerical analyses for periodic arrays
of voids and it was given by
/GðR;r0; f Þ ¼
Re
r0
 2
þ 2fq1 cosh q2
Rm
r0
 
 1 q3f 2 ð3Þ
in which R is the macroscopic stress tensor at a length scale larger
than the void dimensions, and f the void volume fraction. The
parameters q1, q2 and q3 stand for the modiﬁcations introduced
by Tvergaard to consider the interaction between holes.
Jeong (2002) generalized the Gurson yield function to pressure-
sensitive materials through a combination of Eqs. (1) and (3), lead-
ing to
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
ð4Þ
in which the parameters q1 ¼ 1:35, q2 ¼ 0:95 and q3 ¼ 1:35 were
obtained by Jeong (1992) by means of micromechanical simula-
tions. Note that Eq. (4) recovers the Gurson yield function (3) when
a tends to 0, and reduces to the Drucker–Prager yield function (1) if
the void volume fraction is zero.
The volume fraction of voids increases during deformation as a
result of the cavitation of rubber particles and to the growth of the
cavitated particles according to
_f ¼ _f n þ _f g : ð5Þ
A reasonable assumption (Jeong, 2002) is that the cavitation of the
rubber particles was controlled by the hydrostatic stress following a
Gaussian distribution given by
_f n ¼ fN
sry
ﬃﬃﬃﬃﬃﬃ
2p
p exp 1
2
Rm  rN
sry
 2" #
_Rm ð6Þ
where fN is the volume fraction of rubber particles which can nucle-
ate voids during deformation, and s and rN are, respectively, the
standard deviation and the mean value of the normal distribution
function. Jeong (2002) determined these parameters by ﬁtting with
the experimental results of Pearson and Yee (1991) of the size of the
cavitated region in front of a crack.
In addition, the void growth due to plastic deformation is given
by
_f g ¼ ð1 f Þ½trðDpÞ  a _pe  ð7Þ
in which Dp stands for the plastic strain rate tensor and _pe is the
effective plastic strain rate.
2.1.1. Numerical implementation
The model outlined above was implemented as a user material
subroutine (UMAT) in Abaqus (2008) within the framework of the
small deformations theory for the elasto-plastic matrix behavior. A
rate-dependent formulation was used to eliminate the pathological
mesh sensitivity associated with numerical solutions of problems
including strain softening and failure for rate-independent solids
(Needleman, 1988; Sluys and de Borst, 1993), and the numerical
predictions become mesh-independent. In fact, material rate
dependence implicitly introduces a length scale into the governing
equations, although the constitutive description does not contain a
parameter with the dimensions of length. In addition, the rate-
independent formulation takes into account the inherent strain
rate sensitivity of the polymeric matrix.
Under the small deformation assumption, the total strain rate D
can be obtained as the sum of the elastic (De) and plastic (Dp) rates,
D ¼ De þ Dp: ð8Þ
The elastic strain rate is given by
De ¼ C1 : _R ð9Þ
where C is the isotropic elastic stiffness tensor and _R is the macro-
scopic stress rate tensor.
The plastic strain rate, Dp, is governed by the viscoplastic ﬂow
rule according to
Dp ¼ _rh/i ð10Þ
where hi stand for theMacaulay brackets,which return the argument
if positive and zero otherwise, and _r is the reference strain rate.The ﬂow direction is parallel to b, which is given by the gradient
of a ﬂow potential /f (Jeong, 2002),
b ¼ @/f
@R
ð11Þ
where
/f ¼ /ðR;rp; b; f Þ ð12Þ
in which b stands for the pressure sensitivity for the ﬂow rule and
rp is a ﬁctitious ﬂow stress to ensure that /f ðR;rp;b; f Þ ¼ 0 for
the current stress state. Obviously, /f ¼ / if b ¼ a and the associa-
tive ﬂow rule is recovered.
The viscoplasticity equations were integrated using the back-
ward-Euler algorithm, whose numerical implementation is de-
tailed in Appendix. The procedure can deal with materials with
associative (/f ¼ /) or non-associative (/f–/) ﬂow rule. Neverthe-
less, numerical convergence at the global level was impaired in the
case of non-associative ﬂow. Recent studies (Chew et al., 2006;
Cheng and Guo, 2007) on void growth using axisymmetric unit
cells in which the matrix followed the Drucker–Prager plasticity
model with associated and non-associated ﬂow rule have shown
that the ﬂow rule had negligible inﬂuence on the onset of yielding.
The effect of the ﬂow rule was very limited on the subsequent
effective stress–strain response and noticeable differences were
only observed on the onset of void coalescence. Thus, the simula-
tions presented in this paper were carried out using an associate
ﬂow rule for the matrix as the investigation focus on the effect of
the matrix yielding (rather than fracture) on the composite
properties.
2.2. Interface
Interface fracture is another important damage mechanism in
composites and it is well known that the interface properties
control the load transfer from the matrix to the ﬁbers (Kim
and Mai, 1998). The progressive interface fracture upon loading
was taken into account through a cohesive crack model (Segura-
do and LLorca, 2004). The mechanical behavior of the cohesive
crack was expressed in terms of a traction-separation law which
relates the displacement jump across the interface with the trac-
tion vector acting upon it. The initial response was linear in ab-
sence of damage and, therefore, the traction-separation law can
be written as
tn ¼ Kdn and ts ¼ Kds ð13Þ
where tn, ts, dn and ds stand for the normal and tangential tractions
and displacement jumps across the interface respectively. An elastic
stiffness of K ¼ 108 GPa=mwas selected for the interface, which was
large enough to ensure the displacement continuity at the interface
and to avoid any modiﬁcation of the stress ﬁelds around the ﬁbers
in the absence of damage. The linear behavior ends at the onset of
damage, which is dictated by a maximum stress criterion expressed
mathematically as
max
htni
N
;
ts
S
 
¼ 1 ð14Þ
in which hi stand for the Macaulay brackets to impede the develop-
ment of damage when the interface is under compression, and N
and S are the normal and tangential interfacial strengths which
were assumed to be equal for simplicity (N ¼ S). Once the damage
begins, the stress transferred through the crack is reduced depend-
ing on the interface damage parameter d, which evolves from 0 (in
the absence of damage) to 1 (no stresses transmitted across the
interface), as shown in Fig. 1. The corresponding traction-separation
law is expressed by
δδ0 δ δ
Fig. 1. Schematic of the traction-separation law governing the behavior of the
cohesive crack at the ﬁber/matrix interface.
Fig. 2. Schematic of the representative volume element of the lamina microstruc-
ture subjected to a biaxial stress state due to transverse tension and out-of-plane
shear.
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tn ¼ Kdn if dn 6 0
ts ¼ ð1 dÞKds
ð15Þ
The evolution of the damage parameter is controlled by an effective
displacement, d, deﬁned as the norm of the displacement jump vec-
tor across the interface as
d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
hdni2 þ d2s
q
ð16Þ
and d depends on the maximum effective displacement at the inter-
face attained during the loading history at each material integration
point dmax according to
d ¼
df ðdmax  d0Þ
dmaxðdf  d0Þ ð17Þ
where d0 and df stand for the effective displacement at the onset of
damage (d ¼ 0) and when the interface has failed completely
(d ¼ 1), respectively. In this cohesive model, the energy necessary
to completely break the interface is always equal to C, the interface
fracture energy, regardless of the loading path. Thus, it is assumed
for simplicity that the fracture energies in mode I and mode II are
the same.
3. Computational model
The mechanical behavior until fracture of a uniaxially rein-
forced composite lamina subjected to transverse tension (r2) and
out-of-plane shear stresses perpendicular to the ﬁbers (s23) can
be obtained through the numerical analysis of a representative vol-
ume element (RVE) of the lamina. The RVE was a square two-
dimensional section of the lamina of dimensions L0  L0 in the
x2x3 plane (perpendicular to the ﬁbers) which contained a random
and homogeneous dispersion of 30 circular ﬁbers of 5 lm in radius
embedded in modiﬁed-epoxy matrix (Fig. 2). The ﬁber volume
fraction within the RVE was 50 %. It was assumed that the lamina
microstructure was given by an indeﬁnite translation of this RVE
along the x2 and x3 axes and, thus, the ﬁber positions within the
RVE kept this periodicity condition. This technique was pioneered
by Brockenbrough et al. (1991), who showed that ﬁber shape and
spatial distribution (either regular or random) modify the compos-
ite response to a large extent. Subsequent investigations focused
on the minimum size of the RVE to reproduce the macroscopic
behavior, which turned out to be surprisingly small (Drugan and
Willis, 1996; Hine et al., 2002; Segurado and LLorca, 2002, 2005;Segurado et al.,2002). Nowadays it is widely accepted that accurate
predictions of the mechanical behavior of particle or ﬁber-rein-
forced composites can be obtained through the numerical analysis
of RVE containing a few dozen reinforcements (González et al.,
2004; Borbély et al., 2006; Chawla et al., 2006), particularly if peri-
odic boundary conditions are enforced to remove the effect of free
surfaces. Moreover, previous studies with similar RVEs subjected
to transverse compression and shear showed that the results ob-
tained with 30 ﬁbers in the RVE were equivalent to those com-
puted with 70 ﬁbers in terms of the stress–strain curves and of
the dominant failure micromechanisms (Totry et al., 2008).
Numerical simulations of the RVE’s mechanical response were
carried out using the ﬁnite element method. The matrix and the ﬁ-
bers were automatically discretized with 6-node isoparametric
modiﬁed triangles (CPE6M in Abaqus/Standard) with integration
at three Gauss points and hourglass control. In addition, 4-node
isoparametric interface cohesive elements (COH2D4 in Abaqus,
Camanho and Dávila, 2002) were inserted along the ﬁber/matrix
interface in each ﬁber to include the effect of interface decohesion.
Finite element discretization was ﬁne enough throughout the RVE
to resolve the plastic shear bands in the matrix during deformation
and comprised around 26000 elements and 73000 nodes.
Periodic boundary conditions were applied to the edges of the
RVE to ensure continuity between neighboring RVEs (which de-
form like jigsaw puzzles). The periodic boundary conditions can
be expressed in terms of the displacement vectors ~U2 and ~U3 which
relate the displacements between opposite edges according to
~uð0; x3Þ ~uðL0; x3Þ ¼~U2 ð18Þ
~uðx2;0Þ ~uðx2; L0Þ ¼~U3: ð19Þ
Combined uniaxial tension along the x2 axis and shear deformation
were imposed with ~U2 ¼ ðdt ; dsÞ and ~U3 ¼ ðu2;u3Þ, where dt and ds
stand for the imposed tensile and shear displacements, respectively.
u3 is computed from the condition that the average normal stresses
perpendicular to the compression axis should be 0, and u2 is deter-
mined from the condition of mechanical equilibrium. The tensile
and shear strains are given by lnf1þ dt=L0g and
arctanfds=ðL0 þ dtÞg, respectively. The corresponding normal (r2)
and shear (s23) stresses were computed from the resultant normal
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cross-section X as
r2 ¼ 1X
Z
x3¼0
tndx2 and s23 ¼ 1X
Z
x3¼0
ttdx2 ð20Þ
Simulations were carried out with Abaqus/Standard (Abaqus, 2008)
under plane strain conditions and within the framework of the
small deformations theory with the initial unstressed state as refer-
ence. The rate of deformation was given by dt=L0 ¼ 1:35104 _r .
Carbon ﬁbers were modeled as linear, thermo-elastic and iso-
tropic solids (in the 23 plane) and their elastic constants (perpen-
dicular to the ﬁber axis) are given in Table 1. The matrix was
represented by an isotropic, elasto-viscoplastic solid, following
the model presented above. Its elastic constants are also shown
in Table 1, while the parameters in Eq. (2) are r0 ¼ 75 MPa,
N ¼ 0:1, N1 ¼ 1:3, C1 ¼ 0:03, C2 ¼ 0:05 (Jeong, 2002). The corre-
sponding stress–strain curve in tension at the reference strain rate
is plotted in Fig. 3 and shows the softening followed by hardening
which is typical of glassy polymers. This behavior has been ob-
served experimentally in epoxy resins deformed in compression
or shear. Initial softening is due to the formation of shear bands
while hardening occurs as a result of the macromolecule orienta-
tion upon deformation (Chen et al., 2002; Liang and Lietchi,
1996). This physical mechanism is also operative in tension (Boyce
et al., 1988; Wu and Giessen, 1996), but it is difﬁcult to observe
experimentally because brittle fracture leads to the specimen fail-
ure before chain orientation inﬂuences the macroscopic response.
The epoxy was modiﬁed with 12 vol. % of rubber particles which
could nucleate voids (fn) and the parameters of the normal distri-
bution for void nucleation (Eq. (6)) were rn ¼ 69:76 MPa and
s ¼ 0:39. Finally, simulations were carried out for two different
behaviors of the interface. The ﬁrst set assumed that the ﬁber/ma-
trix interface was perfect and no interface elements were inserted
between matrix and ﬁbers. Interface fracture was possible in the
second set of simulations and the interface strength and toughness
were, respectively, N ¼ S ¼ 16:25 MPa and C ¼ 100 J=m2, which
are representative of a weak ﬁber/matrix interface.
4. Results
4.1. Perfect interface
The stress–strain curves obtained from the numerical simula-
tion of three different RVE under transverse tension and shear
are plotted in Fig. 4 for the composites with a perfect interface. It
is worth noting that they were very similar, regardless of the differ-
ent ﬁber arrangement, and this result is in agreement with previ-
ous analyses (Totry et al., 2008) which have shown that RVEs
with thirty ﬁbers are large enough to capture the behavior of FRP
subjected to transverse deformation. The deformation of the com-
posite in tension was qualitatively similar to that of neat epoxy
matrix (Fig. 3), and the material showed strain softening after ini-
tial yielding, followed by a slight hardening. Nevertheless, the
composite was stronger than the epoxy due to the reinforcing ef-
fect of the stiff C ﬁbers and the softening after the yield was also
more marked.
The micromechanisms of deformation and fracture in tension
can be ascertained from the contour plots of the effective plastic
strain and of the void volume fraction in the matrix, which areTable 1
Elastic constants of the carbon ﬁbers and of the epoxy matrix (from Soden et al.,
1998).
Ef (GPa) mf Em (GPa) mm
40 0.25 2.35 0.428shown in Figs. 5 and 6, respectively. The plastic deformation in
the matrix was concentrated along two systems of shear bands
whose orientation depended on the loading mode (tension or
shear), in agreement with the postulates of the Drucker–Prager
model, although the precise orientation of the bands was difﬁcult
to assess due to the interaction with the C ﬁbers. The magnitude
of the plastic strain within the shear bands in the material sub-
jected to transverse tension was markedly higher than in that de-
formed in shear for similar values of the applied strain (Fig. 6), and
this difference was due to the cavitation and growth of voids in the
rubber-modiﬁed epoxy matrix. Void nucleation was controlled by
a wide Gaussian distribution in the model, and thus voids were
generated homogeneously during the ﬁrst stages of deformation
in the material loaded in tension due to cavitation of the rubber
particles in the matrix (Fig. 7a). Subsequent void growth in tension
was localized in the matrix regions where the hydrostatic stresses
were maximum, i.e. at the pole of the ceramic ﬁbers. This led to a
reduction of the matrix ﬂow stress and was responsible for the
drop in tensile strength after yielding and accelerated the strain
localization in the matrix between the ﬁbers.
Fig. 5. Contour plot of the effective plastic strain in the matrix in the composite with a perfect interface. (a) Transverse tension, 2 ¼ 7:4%. Loading axis is vertical (b) Shear,
c23 ¼ 7:8%.
Fig. 6. Contour plot of the void volume fraction in the matrix in the composite with a perfect interface. (a) Transverse tension, 2 ¼ 7:4%. Loading axis is vertical (b) Shear,
c23 ¼ 7:8%.
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Fig. 7. (a) Mechanical response of the composite lamina with a perfect interface under biaxial loading (transverse tension and shear) plotted in the r2–s23 stress space. The
ﬁgure next to each curve stands for the ratio ds=dt of each loading path. (b) Predictions of the failure locus of the composite lamina with a perfect interface under transverse
tension and shear.
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the matrix in the material deformed under pure shear (Fig. 6b).
Nevertheless, void nucleation under pure shear was more limited
(Fig. 6b). In addition, void growth at the ﬁber poles was inhibited
by the absence of large tensile hydrostatic stresses. As a result,the softening effect induced in the matrix by the presence of voids
was offset by the strain hardening contribution due to plastic
deformation and the stress–strain curve in shear did not show a
marked softening after the onset of yielding but a slight hardening.
Failure in this case would be triggered by chain scission as the abil-
Table 2
Failure strength under uniaxial deformation for the composite with a strong interface
(stresses are in MPa).
YC ST YT
102 41.3 66
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anism was not considered here.
The mechanical response of the composite lamina under biaxial
deformation (tension perpendicular to the ﬁbers and shear) is plot-
ted in Fig. 7a in the r2—s23 stress space for different pseudo-radial
loading paths characterized by the parameter ds=dc. The curves
were initially linear and presented a well-deﬁned maximum in
tension, which shows that failure occurred in tension by a mecha-
nism involving the nucleation and growth of matrix voids. The
mechanisms of deformation and fracture closely resemble those
plotted in Figs. 5 and 6 and the corresponding contour plots were
not included for the sake of brevity; deformation was initially
localized in shear bands, whose overall orientation depended on
the amount of normal and shear deformation. Final fracture was
controlled by the growth of voids in the regions with high tensile
hydrostatic stresses, which led to the development of shear bands
through the matrix.
The numerical simulations can be used to obtain the failure
locus of the composite lamina under transverse tension and shear
by linking the failure points which are those at which a sharp
change of slope occurs in the r2—s23 curves in Fig. 7a. It is inter-
esting to compare these results with those provided by two clas-
sical failure models for composites developed by Hashin (1980)
and Puck and Schürmann (2002). Hashin distinguished between
ﬁber- and matrix-dominated fracture, and each one was further
subdivided into tensile and compressive modes. Furthermore,
he assumed that failure was due to the normal and tangential
stresses acting on the fracture plane, which is parallel to the ﬁ-
bers in the case of matrix-dominated failure in tension. Taking
into account that the composite lamina is isotropic in the 23
plane, Hashin (1980) proposed a failure criteria which can be
expressed as
r2
YT
 2
þ s23
ST
 2
¼ 1 ð21Þ
in the particular case of tension perpendicular to the ﬁbers (r2)
combined with shear stresses s23 acting out of the lamina plane.
In this equation, YT and ST stand for the lamina strength under
transverse tension and out-of-plane shear, respectively.
An analogous expression was derived by Hashin (1980) for
transverse compression and in-plane shear, but the experimental
data for this loading condition did not always agree with the
model predictions (Hinton et al., 2004). In particular, Hashin’s
model did not capture the increase in shear strength in the pres-
ence of moderate compressive stresses. This limitation was
attributed to the fact that Hashin’s model did not determine
the actual orientation of the fracture plane but assumed a qua-
dratic interaction between the stress invariants. Puck and Schür-
mann (2002) improved this model by assuming that failure is
caused by the normal (rn) and tangential (st) stresses acting
on the failure plane, which forms an angle hf with the direction
perpendicular to the tensile stresses. hf is explicitly determined
for each combination of normal (r2) and shear (s23) stresses act-
ing on the lamina and the corresponding failure criteria is ex-
pressed byﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
YT
þ cos 2hC
2YC cos4 hC
 
rnðhf Þ
 2
þ stðhf Þ
YC cos2 hC
 2s
 cos 2hC
2YC cos4 hC
rnðhf Þ ¼ 1 ð22Þ
with
rnðhf Þ ¼ r2 cos2 hf þ 2s23 sin hf cos hf ð23Þ
stðhf Þ ¼ r2 sin hf cos hf þ s23ðcos2 hf  sin2 hf Þ ð24Þwhere YC and hC stand, respectively, for the failure stress and the
orientation of the fracture plane under transverse compression.
The predictions of Puck model have been largely consistent with
the experimental results of the failure surface of a composite made
up of a brittle epoxy matrix reinforced with either glass or C ﬁbers
(Hinton et al., 2004) as well as with the numerical results obtained
for these composites using computational micromechanics (Totry
et al., 2008). Their validity to composites made up of rubber-modi-
fed epoxy matrices is analyzed below.
The predictions of both models are based on the results of
mechanical tests, which should provide the lamina strength under
transverse tension, YT , and the lamina strength in shear, ST , or in
transverse compression, YC (as well as the corresponding fracture
angle hC). As there were no experimental results available, these
magnitudes were obtained from the computational micromechan-
ics simulations, and they are presented in Table 2. Puck et al.
(2002) recommended the use of hC P 49.8 in the case of tough, ﬁ-
ber-reinforced composites that fulﬁll jYC=YT j <2.65. However,
these values of hC lead to predictions of the strength and fracture
angle under transverse tension different from YT and 0, which
are not realistic. This problem disappears if hc ¼ 47, which pro-
vides coherent values for the strength and fracture angle under
transverse tension and it is sufﬁciently close to the experimental
values reported for standard epoxy matrices in the absence of ac-
tual experimental data for rubber-toughened epoxy.
The predictions of the failure locus under transverse tension
and out-of-plane shear provided by the phenomenological models
of Hashin and Puck are compared with the numerical predictions
in Fig. 7b. Puck’s predictions, which were based on the strength
of the lamina under tension and compression, were obviously in
good agreement in the tension-dominated region but overesti-
mated the lamina strength in shear. Puck’s model assumes that
the failure locus in this region of the stress space is dictated by
the interaction between two main failure mechanisms: brittle frac-
ture of the matrix under transverse tension and shear yielding of
the matrix in shear. The latter process is still dominant when the
matrix is a rubber-modiﬁed epoxy but failure under transverse
tension is not brittle in this case and does not follow a path perpen-
dicular to the maximum principal stress (Fig. 5a). As a result, if
Puck model is calibrated (through YT) to provide an accurate esti-
mation of the strength under transverse tension, it does not pro-
vide accurate results in shear. Regarding Hashin’s model, its
predictions were in better agreement with the numerical simula-
tions in the whole stress space, although they also overestimated
the lamina strength under biaxial loading. Nevertheless, it should
be noted from a practical viewpoint that these predictions were
based on the magnitude of ST , the lamina strength under out-of-
plane shear, which is very difﬁcult to measure experimentally.
4.2. Weak interface
The degradation of the mechanical properties due to interface
decohesion and its inﬂuence on the failure locus was assessed by
performing another set of simulations in RVEs with cohesive ele-
ments at the ﬁber/matrix interface. The stress–strain curves in ten-
sion and shear corresponding to three different RVEs are plotted in
Fig. 8. Non-linearity appeared in the stress–strain curves for nor-
mal or shear stresses of the order of the interface strength
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Fig. 8. Stress–strain curve under transverse tension and shear corresponding to
composites with a weak ﬁber/matrix interface.
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comparison to the materials with a perfect interface. The mecha-
nisms of deformation and fracture in tension and shear can be ob-
served in Fig. 9, which show the contour plots of the effective
plastic strain in the matrix. Failure was always initiated by the
nucleation of interface cracks, responsible for the non-linear
behavior at small strains, which grew along the interfaces. The
stress concentrations at the interface crack tip promoted the plas-
tic deformation of the matrix and damage localized along the
weakest path dictated by the spatial distribution of interface
cracks, which tended to be perpendicular to the maximum princi-
pal stress. Final failure occurred by the link-up of interface cracks
through the matrix. Damage by void nucleation and growth in
the matrix was very limited in this case, and the corresponding
contour plots are not included for the sake of brevity. Basically, sig-
niﬁcant damage by void growth (f P 0:2) was only observed in the
highly-deformed matrix ligaments between the interface cracks,
indicating that the ﬁnal separation of the specimen in two pieces
took place through them.
The mechanical behavior of the composite with a weak inter-
face under combined transverse tension and out-of-plane shear is
plotted in Fig. 10a for various loading paths, characterized by the
ratio ds=dt . The curves showed that the onset of non-linearity de-
pended on the contribution of normal and shear stresses, which
is consistent with the initiation of interface cracks. All the curves
presented a maximum, which was followed by marked reduction
in the tensile component while the shear stress increased. The fail-
ure micromechanisms were also controlled by the nucleation of
interface cracks and the subsequent growth of voids from these
cracks, which were linked up through the matrix ligaments.
The failure surface was obtained drawing a line that circum-
scribes the r2–s23 curves, and it is plotted in Fig. 10b together with
the predictions of the phenomenological models. Once again, the
failure surfaces of models were computed from the values of the
compressive, shear and tensile strength provided by the numerical
simulations for the composite with a weak interface, which are
presented in Table 3. The quadratic interaction between normal
and shear stresses proposed by Hashin to describe the failure locus
overestimated the failure stresses in the whole range of biaxial
stresses, although the differences were not very large because
the predictions are based on the actual values of ST and YT . Never-
theless, as mentioned above, the practical application of this model
is limited by the experimental difﬁculties to measure ST in the
laboratory.Puck’s model provided an accurate prediction of the failure sur-
face in the tension-dominated region but also overestimated the
strength in shear, although to a lesser extent than in the composite
with a perfect interface. This agreement in the tension-dominated
zone is due to the fact that fracture takes place through a plane
perpendicular to the maximum tensile stress (Fig. 9a), following
the hypothesis of Puck’s model. The accuracy of the predictions
is lost, however, in shear because Puck’s model assumes that the
main deformation mechanisms is shear yielding of the matrix,
while the numerical results show that fracture is controlled by
interface decohesion.
5. Concluding remarks
The mechanical response of a unidirectionally ﬁber-reinforced
composite with a rubber-modiﬁed epoxy matrix was studied
through computational micromechanics. The ﬁbers were repre-
sented by elastic and isotropic solids, while the rubber-modiﬁed
epoxy matrix behaved as a elasto-viscoplastic solid. The matrix
ﬂow stress followed the model developed by Jeong (2002), which
included the inherent pressure-sensitivity of the yield stress in
the epoxy matrix, the damage due to the cavitation of the rubber
particles and subsequent growth, and the particular features of
elastic–viscoplastic behavior in glassy polymers, particularly the
intrinsic softening upon yield followed by hardening.
Deformation of composites with a strong interface was con-
trolled by the interaction between hardening and softening mech-
anisms during plastic deformation of the matrix. Softening was
mainly due to cavitation and growth of the rubber-particles in
the regions of tensile hydrostatic stresses, and competed with
the orientation hardening typical of glassy polymers. The former
was dominant under transverse tension, while the latter controlled
the behavior in pure shear. In the case of composites with a weak
interface, fracture was controlled by nucleation and growth of
interface cracks, and the subsequent growth of voids from these
cracks, which were linked up through matrix ligaments.
Finally, the failure locus under transverse tension and shear was
computed by loading the RVE under biaxial deformation, and the
results were compared with the predictions of Hashin and Puck’s
models. The comparison pointed out the limitations of these phe-
nomenological models to accurately predict the failure surface be-
cause their derivation did not include the critical deformation and
failure micromechanisms (yielding of the rubber-modiﬁed epoxy
matrix in tension, interface decohesion). These results emphasize
the need to improve the current failure criteria, which should be
carried out by including more realistic models of matrix and inter-
face behavior.
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The numerical procedure to integrate the elasto-viscoplastic
constitutive equations was based on the implicit backward-Euler
method, as shown in Fig. 11. Starting from the last converged step
(t), a new strain increment, D, was applied at t þ Dt. This initial
strain increment was assumed to be fully elastic for simplicity
and the trial stress state, RðtrialÞ, can be computed as
RðtrialÞ ¼ RðtÞ þ DRðtrialÞ ¼ RðtÞ þ CD ð25Þ
Fig. 9. Contour plot of the effective plastic strain in the composite with a weak interface. (a) Transverse tension, 2 ¼ 6:1%. Loading axis is vertical (b) Shear, c23 ¼ 7:4%.
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Fig. 10. (a) Mechanical response of the composite lamina with a weak interface under biaxial loading (transverse tension and shear) plotted in the r2–s23 stress space. The
ﬁgure next to each curve stands for the ratio ds=dc of each loading path. (b) Predictions of the failure locus of the composite lamina with a weak interface under transverse
tension and shear.
Table 3
Failure strength under uniaxial deformation for the composite with a weak interface
(stresses are in MPa).
YC ST YT
79.3 25.7 29.5
Fig. 11. Schematic of the backward-Euler algorithm to integrate the viscoplasticity
equations.
L.P. Canal et al. / International Journal of Solids and Structures 46 (2009) 2265–2274 2273The internal variables were evaluated for the trial state and the
yield function was updated with these new values, according to
/ðtrialÞ ¼ /ðRðtrialÞ;rðtrialÞ0 ;a; f ðtrialÞÞ ð26Þ
If /ðtrialÞ < 0, the strain increment was purely elastic and the trial
state is the solution. Otherwise, it is necessary to return to the
new yield surface, different from the initial one, which is deter-
mined by the viscoplastic behavior of the material. In the case of
associative ﬂow, the backward-Euler method ensures that the re-
turn is normal to the yield surface (Fig. 11), and the return algo-
rithm can be expressed by
RðtþDtÞ  ðRðtÞ  DkCbðtþDtÞÞ ¼ 0 ð27Þ
Dk Dt _r/ ¼ 0 ð28Þ
where b ¼ a ¼ @/=@R for the associative model. Due to the com-
plexity of the yield function, it was not possible to solve these equa-tions analytically, and an iterative approach based on the Newton–
Raphson method was used. Once the solution was found, the stress,
the plastic strain and the internal variables in the actual step
ðt þ DtÞ were updated with the values provided by solving Eqs.
(27) and (28).
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